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Efficiency of different Bayesian Network Algorithms
Abstract:
Genomics is becoming a more important part of normal everyday life. New studies constantly come out detailing the relationship between genes and how the misregulation of one gene has an effect on multiple other genes. As a result, it is important to be able to visualize and analyze the plethora of relationships between genes while also being computationally feasible. One way this is done is by using Bayesian Networks. While Bayesian Networks have the advantage of being able to display relationships between genes visually, they suffer from being computationally intensive. Due to this, many algorithms have been created to try and overcome this computational limit. The objective of this project to was to use genomic data to compare and contrast the scalability, structure, and fitness of Bayesian Networks created by Grow Shrink algorithm[1], Max-Min Hill Climbing algorithm[2], and Hill Climbing Algorithm.[6] 
Background:
Every day, more and more big data is being created from various different sources. As a result, big data analytics has become an ever more important area of data analytics. While big tech companies like Google and Amazon are known to create large amounts of big data, they aren’t the only ones. One field of research that creates massive amounts of data but is commonly overlooked is the field of biology. The human body has trillions of different cells  and each cell has its own genetic makeup. As a consequence, genomic research produces extremely massive amounts of data that need to be analyzed efficiently and accurately. A popular way of doing this is by using Bayesian Networks.
Bayesian Networks are a type of probabilistic graphical model that model conditional dependence and causation in a directed graph.[3] The edges in a Bayesian Network do a great job of showing conditional dependence between genes and allow for excellent visualization of relationships between genes.[3] While Bayesian Networks offer many advantages, they also have many disadvantages. The main disadvantage that Bayesian Networks have is their computational complexity.  When dealing with large datasets, time and computational power become an issue. This is particularly important when analyzing genomic data. A dataset can contain ten thousand genes, but a computer may only be able to handle at most five thousand genes or the time needed to create the Bayesian Network of all ten thousand genes becomes unreasonable. As a result, different algorithms and algorithm types have been created to try and manage the computational complexity that comes with creating Bayesian Networks. 
The first category of algorithms used to create Bayesian Networks are Constraint-based algorithms. These algorithms use conditional independence tests to create the Markov Blanket of the nodes and then use d-separation criteria to create the network structure.[1,4] One algorithm that falls into this category is the Grow Shrink algorithm.[1] The Grow Shrink algorithm starts by computing the Markov Blankets of each node.[1] It does this in two phases. The first phase is called the growing phase where conditional dependence is used to add nodes into the Markov Blanket of a specific node.[1] If a node is conditionally independent from the node being analyzed, it is not added to the Markov Blanket. The second phase is called the shrink phase where the nodes in the Markov Blanket are tested again for conditional dependence and any node that is conditionally independent is removed from the Markov Blanket.[1] This removes any nodes added in by error and gives the true Markov Blanket. Once all the Markov Blankets are determined, the graph structure is computed by determining the direct neighbors of each node using their Markov Blankets and whether or not they are dependent on each other. The edges are then oriented then reoriented until the final Bayesian Network structure is achieved.[1] 
The second category of algorithms used to create Bayesian Networks are Score-based algorithms. These algorithms search for all possible structures then scores each structure based on how well it fits the data.[5,6]  The most common Score-based algorithm is the Hill Climbing algorithm. The Hill Climbing algorithm tries to find the most optimal Bayesian Network by performing every possible edge addition, reversal or removal and selecting the one that increases the overall score of the network.[5,6] It does this over and over until the overall score of the network cannot be increased.[5,6] As a result of constantly looping over and over to find the most optimal score, this algorithm is very time and computationally expensive. 
The last category of algorithms used to create Bayesian Networks are Hybrid algorithms.[2] Hybrid algorithms take aspects of both constraint-based and score-based algorithms to develop the Bayesian Network.[2] A popular hybrid algorithm is the Max-Min Hill Climbing algorithm. The Max-Min Hill Climbing algorithm uses the Max-Min Parent Children algorithm to first identify the structure of the Bayesian Network.[2] The Max-Min Parent Children algorithm has two phases. The first phase is called the forward phase where variables that have an edge with another variable are selected using a heuristic function.[2] The second phase is called the backward phase. In this phase, false positives that were accidentally selected in the first phase are removed.[2]  Once the structure is discovered, a hill climbing algorithm is used to orient the edges.[2]
Methods:
Data Preparation:
In order to create and evaluate the different types of Bayesian Networks, the first thing that had to be done was to find a dataset that is sufficiently large enough. To do that, five genomic datasets (GSE7696, GSE6014, GSE10878, GSE25632, GSE41467) were merged and cleaned into one dataset using a program called EasyMorph. The merged dataset was then transposed and the gene expression data was turned into binary using the ArrayBin package which turned low expression values into zeros and high expression values into 1. This reduced the final file from a 25 MB file to a 5 MB file which significantly helped in reducing the amount of memory and time needed to run these algorithms. The algorithm for this data processing can be located in the binarize.R file. 
Data Analysis:
Once the data was properly prepared, the next step was to create and analyze the Bayesian Networks created by the different algorithms. To do this, the package BNLearn was used. This package has many of the popular Bayesian Network algorithms already implemented. While the original goal was to create a Bayesian Network using all the variables and compare the time, limitations with memory and time constraints prevented this from occurring. Doing one iteration of the entire dataset using the Hill Climbing method would take approximately 5 weeks to finish. Instead, 25 variables were used as the initial variable amount and the number of variables used doubled each time until a number was reached that would take a reasonable amount of time, which was 1600 variables. Once the Bayesian Networks were created for each of the algorithms, the score() function was used to evaluate how well the network fits the data. After the networks for each algorithm was built, the similarity between each network was measured using Hamming Distance. Lastly, a 4-fold cross validation was performed on the largest network for each algorithm. In order to keep the computing environment consistent, all algorithms were ran on the same computer that has an i7-4790 CPU processor with 4 cores, 8 threads, 32 GB of RAM, and a GTX 1050 TI GPU.
Results:
Table 1: Time to completion for each variable.
	
	Time (Seconds)

	Variables
	HC
	GS
	MMHC

	25
	0.020
	0.041
	0.036

	50
	0.072
	0.159
	0.118

	100
	0.345
	0.651
	0.478

	200
	2.434
	2.661
	2.165

	400
	29.479
	12.260
	10.372

	800
	409.682
	54.151
	58.007

	1600
	23710.502
	278.895
	405.276


	 One of the objectives of this project was to compare the speed at which each algorithm creates a Bayesian Network. In Table 1, the time it took each algorithm to complete a Bayesian Network with a certain number of variables is recorded. From the table, it can be seen that with a small number of variables, each algorithm takes about the same time but when more variables are introduced, the time each algorithm takes starts to vary. Starting at 400 variables, it can be seen that the Hill Climbing (HC) algorithm is starting to take longer to complete the network. At 1600 variables, the time it starts to vary. HC takes approximately 6 hours to reach completion making it the slowest, while Max-Min Hill Climbing (MMHC) takes approximately 7  minutes to reach completion and Grow Shrink (GS) takes 5 minutes to reach completion, making it the fastest. Looking at these trends graphically, you can see in Figure 1 and 2 that at 800 variables, the algorithms start to deviate from each other. HC makes the largest deviation while GS and MMHC start to deviate from each other slowly. 
When considering how each algorithm is built, the results from this time experiment makes sense. HC tries to maximize the score of the entire network and does multiple iterations through the network to find the most optimal score increasing the amount of time needed for the algorithm to reach completion. GS on the other hand uses a constraint-based approach that tries to find the network structure using d-separation. This takes significantly less time than iterating through the network multiple times adjusting edges every time. MMHC, however, is a hybrid algorithm that uses a constraint-based approach to discover the structure and then a score-based approach to orient the edges. This dual approach allows MMHC to operate faster than HC but because it uses the HC score-based approach, it is slower than GS to finish. In Table 2, the three best fit lines for the speed of each algorithm can be seen. These trend lines can be used to calculate how long it would take certain algorithms to create a Bayesian Network for a certain number of variables.  All three follow a polynomial equation but it appears that HC leans more towards an Exponential equation while GS and MMHC lean more towards a Linear Equation. 
	Equations of Best Fit Lines

	
	Linear
	Polynomial
	Exponential

	Hill Climbing (HC)
	Y =13.848X – 2830.5
R2 = 0.7898
	Y = 0.0165X2 – 12.391X + 1013.8
R2 = 0.9900
	Y = 0.1439e0.0083X
R2  = 0.9017

	Grow Shrink (GS)
	Y = 0.1707X – 27.605
R2 = 0.9058
	Y = 0.0001X2 – 0.036X + 2.6843
R2 = 0.9996
	Y = 0.3199e0.0049X
R2 = 0.7942

	Max-Min Hill Climbing (MMHC)
	Y = 0.245X – 43.057
R2 = 0.8753
	Y = 0.0002X2 – 0.1008X + 7.6119
R2 = 0.9984
	Y = 0.2418e0.0053X
R2 = 0.827


Table 2:Equations and Correlation Coefficients for each Best Fit Trendlines for every algorithm.


Figure 1:Time vs Variable Comparison of HC, GS, MMHC.

Figure 2: Time vs Variable Comparison of GS and MMHC.
	While having algorithms that work fast is important, algorithms also need to be able to fit the data properly. It makes no sense to use an algorithm that’s fast but doesn’t fit the data. In table 3, the overall score of the network each algorithm with different amounts of variables can be seen. The higher the number, the better the network fits the data.  Two interesting trends can see seen from this. The first trend is that the HC algorithm scores better than both the GS and MMHC algorithms. MMHC scores the second best followed by GS. Considering how each algorithm is built, it makes sense that the HC algorithm outperforms the other algorithms in terms of fitting the data. The HC algorithm makes multiple iterations through the network to achieve the best score while GS does not and MMHC only does so after it has reduced the number of edges using a constraint-based approach. 
	
	Score

	Variables
	HC
	GS
	MMHC

	25
	-2944.100
	-3784.042
	-3272.633

	50
	-3673.030
	-6192.449
	-5110.204

	100
	-5242.093
	-10836.070
	-8990.494

	200
	-7735.778
	-19625.920
	-16083.170

	400
	-12338.640
	-38215.640
	-31625.880

	800
	-20694.270
	-73708.070
	-61056.510

	1600
	-37826.860
	-146449.100
	-122835.300


	





Table 3: Score Comparison between algorithms.






The second interesting trend that can be seen is that as more variables are given to the algorithm, the score decreases. Figure 3 shows this relationship graphically and Table 4 gives the equation for these lines. It’s a linear relationship that shows that as more variables are added, the overall score of the network goes down. This makes sense given that as a Bayesian Network grows, the conditional relationships between different variables becomes hard to compute and as a result, you will get a worse fit. Figure 3: Score vs Variable Comparison of HC, GS, MMHC.

	Equation of Best Linear Fit Line

	
	HC
	GS
	MMHC

	Linear
	Y = -21.953X – 2964.7
R2 = 0.9989
	[bookmark: _GoBack]Y = -90.42X – 1663.9
R2 = 1
	Y = -75.801X – 1186.7
R2 = 0.9999


Table 4: Score vs Variable Linear Equation for each algorithm.
	

	Edge Differences between Algorithms

	Variables
	HC-GS Differences
	HC-MMHC Differences
	GS-MMHC Differences

	25
	36
	25
	15

	50
	87
	64
	23

	100
	180
	147
	39

	200
	361
	299
	66

	400
	711
	618
	133

	800
	1409
	1221
	212

	1600
	2801
	2462
	373


Table 5: Edge Differences between each algorithm.
	In addition to looking at time to completion and the score of each algorithm, another objective of this project was to compare the similarity of the structure of the networks created by each algorithm. In Table 5, the differences between each network the algorithms created is presented. This was calculated using the Hamming Distance.  Looking at the table, it is very noticeable that the HC algorithm has a lot of edges that are different from the other two as the variables increase. This makes sense as HC will create as many edges as possible then orient and delete edges to try and maximize score. However, GS and MMHC have a relatively low difference in the number of edges they produce. This is most likely due to MMHC’s constraint approach limiting the possible amount of edges possible then using score-based approach to maximize the overall score of the network. Although it does take a constraint approach at first, MMHC has more edges in common with HC than GS has with HC. This is most likely due to the secondary score approach that MMHC takes after reducing the number of connections with a constraint approach. 
	The last objective of this project was to perform a 4-Fold Cross Validation on each of the algorithms using 1600 variables and measure the accuracy of the Bayesian Networks. This part in particular took the longest due to HC taking 24 hours to perform a 4-Fold Cross Validation and 10 runs were performed resulting in this part taking 10 days to complete. Table 6 shows the results from the 10 runs of the 4-Fold Cross Validation and their expected loss using a Log-Likelihood Loss function. From the table it can be seen that the Hill Climbing algorithm has a lower expected loss than the other two algorithms. Max-Min Hill Climbing algorithm has the second lowest expected loss and Grow Shrink has the high expected loss. 
	4-Fold Cross Validation (1600 Variables)

	
	HC
	GS
	MMHC

	CV1 Expected Loss
	159.9976
	832.6709
	714.1844

	CV2 Expected Loss
	161.5235
	832.0775
	717.5416

	CV3 Expected Loss
	164.8772
	842.5734
	714.0688

	CV4 Expected Loss
	162.2153
	836.8384
	716.8832

	CV5 Expected Loss
	162.2365
	833.9934
	716.7774

	CV6 Expected Loss
	163.4904
	840.5697
	717.2795

	CV7 Expected Loss
	158.3916
	832.2548
	712.3767

	CV8 Expected Loss
	160.3391
	835.2535
	720.3771

	CV9 Expected Loss
	163.7349
	833.6753
	710.1135

	CV10 Expected Loss
	159.9708
	838.7879
	713.5250

	Average Expected Loss
	161.6777
	835.8695
	715.3127

	Standard Deviation
	2.0195
	3.6950
	2.9956


Table 6: 4-Fold Cross Validation using 1600 Variables for each algorithm.
Conclusion:
	In conclusion, using large datasets to create Bayesian Networks is difficult. They require lots of time and computational power. One algorithm in particular, the Hill Climbing algorithm, takes a ridiculous amount of time to finish creating a large Bayesian Network. As a result, many algorithms are developed and try to combat this issue. Two popular ones are a constraint-based algorithm called Grow Shrink and a hybrid algorithm called Max-Min Hill Climbing. While on paper they seem as though they are better than the Hill Climbing algorithm, in practice are out perform in certain areas. Grow Shrink and Max-Min Hill Climbing greatly improve on time, but they sacrifice accuracy. The Grow Shrink algorithm was the fastest in terms of completing the Bayesian Network but the worst in terms of score, and cross validation. Hill Climbing was the best in terms of score, and cross validation but sacrificed a lot in time. Max-Min Hill Climbing, as the algorithm type suggests, is a hybrid of the two. It wasn’t the best in terms of score, cross validation, or time but it wasn’t the worst. I believe that depending on what an analyst is trying to determine; each algorithm has its use. If an analyst has no idea what relationships exist between certain genes and want to see all possible relationships, a Hill Climbing algorithm would be useful. If an analyst is just trying to do a cursory glance at what gene relationships might exist, a Grow Shrink algorithm may be useful. If an analyst has already a set of relationships and is trying to look for new undiscovered relationships, a Max-Min Hill Climbing algorithm may be useful. 
Overall, each algorithm has its strengths and its weaknesses, and should be used according to the situation. If this experiment were to be improved upon in the future, I would recommend comparing multiple hybrid algorithms to the Hill Climbing algorithm using a large dataset where the Bayesian structure is known. I think that constraint-based algorithms, while fast, give away too much accuracy to be fast. I believe that an algorithm that combines the best features of the two will be useful in the future. I would also suggest creating ROC curves which were unfortunately not able to be created due to time constraints created by the Cross Validation. 
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